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This project was designed to improve' the graphing competency of students enrolled 
in the elementary algebra, intermediate algebra and trigonometry courses at Virginia 
Commonwealth University. . The immediate goal of the project was to design and imple- 
ment computer graphics programs (called "graphing lessons") that would be available 
for use in the three courses mentioned above. The software package was to be inter- 
active and would give the student control over the events occurring during a Ifesson. 
The grant provided funds for purchasing three Ap'^le II Plus computers which were 
initially used to create the 'lessons and are now available to the students. Students 
enrolled in the three mathematics courses are assumed to have no special knowledge of 
or skills in using the computer. Indeed, the lesson^ are vrritten so that the presence 
of the computer will not hinder the student's progress oi>. cause the student additional 
anxiety. It is hoped^, in fact, that use of these graphing lessons will decrease stu- 
dent anxiety and improve graphing skills. The lessons give positive reinforcement and 
get the student actively involved in the process*. 

The student interacts with the computer hy typing in answers or otherwise reply- 
ing^^^ questions, plotting points and taking quizzes at appropriate places in the 
lesson. The lessons are written in Pascal and, again, they ^re designed so that no 
computer knowledge is required of the student; onc^e a student i^s seated and the machine 
turned on by an attendant, he or she^ with reasonable care, should be able to work 
through the lesson unaided. However, In the event of difficulty, an attendant will 
be on hand to assist. . ^ y 

The lessons are intended to be supplemental in nature and should be used by the 
student only after, having been introduced to the topics in the classroom. By using 
the, computer the student has the opportunity to see graphs drawn quickly and accu-^ 
rately - something that is generally difficult for an instructor to do with only 
chalk and blackboard. Thus, the gr.aphing lessons reinforce the concepts covered in 
the classroom and,, as a result, the student's graphing skills are expected to improve. 

0 



As previously mentioned, the lessons are intended to be supplementary. When an 
instructor completes a formal lecture on each topic, the student'^ attention is called 
to the fact that a graphing lesson is available for that tppic. The instructor empha- 
sizes that the lesson is instructive, easy to use, and will enhance the .student ' s 
understanding of the lecture. * 

In keeping with the objective of providing a friendly, nonthreatening learning 
experience, the App^e computers are kept in a comfortable room with informal surround- 
ings. An attendant is present to turn on the machines and generally help students 
begin each lesson. As noted, once the machine is turned on it should be possible for 
a student to work through, each lesson unaided. However, an attendant is present if^ 
any difficulty - computer-related or mathematical - arises. 

Each lesson is written so that the student has the option, at various times, 
of continuing the lesson, stopping altogether, or redoing a portion of the lesson. 
The lessons which are currently 'available for use are listed below. 

List of^ Graphing Lessons 

1. Introduction to Use of Keyboard 

• 2. Linear Equations 

(a) ^ equations of the form Ax + By + C = 0 ^' 

(b) equations of the form"y = mx + b . ^ . 

3. What's My Line (Game) 

4. Inverse Functions 

2 

5. Quadratic 'Equation y = Ax + Bx + C 

(a) effect of A 

(b) effect of B 

(c) effect of C 

(d) experiment with choices of A, B, C. ' 
6* The Parabola Game 
7. Exponential Functions (Part.l) 
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In Addition, specifications have been written for lessons on: , 

1. Exponential Functions (Part 2) 

2. Logarithm Functions 

* 

3- The Trigonometric Functions (six lessors) 

(a) Sine Function 
" - '(^T^Osi^e Function * 

(c) Tangent Function 

(d) Secant Function 

(e) Cosecant Function ' / , 

(f) Cotangent Function 

Writing completer code has proven to be a very time-consuming task and by far 
most of the time ^as been devoted to this phase of the project. 

The completed lesions are currently being tested by students in our audio-tutorial 

t 

mathematics laboi^^atory. Students in the remedial algebra and college algebra courses 
are invited to u$e the lessons at anytime but preferably at the same time they study 
the corresponding material in the textbook. Data is being gathered to determine the 
frequency of us^, the reaction towards the machine and the students' general reaction 
to the graphs lessons. A questionnaire is administered at the completion of tKe lesson* 

Following the testing o'f the^lessons the project members plan to write instructor 
and users guides and hope to be able to distribute the software package through some 
agency such as CONDUIT. . ' 

Description of the Graphing Lessons 

1. Introduction to Use of Keyboard r ' ^ 

The student learns how to enter numerical c^ata and learns the proper keys to 
use to respond to the true-false and yes-no questions. The lesson contains enough 
examples and enough s^ple questions so that by the time the student has worked 
through it he or she should feel at ease using the machine. 

2. ^ Linear Equations 

The student is introduced to equations of.-the form Ax + By+C=0 and y = mx + b. 
T^ie lesson emphasizes graphically the geometric meaning of slope as rise over run. 
The student actively participates in the lesson by using the paddles to plot points. 



. J 

This is a game which tests the student's comprehension of Lesson 2. The com- 
puter draws a line and the student is asked to supply the values for m and b in 
the equation y = nix + b. A record is kept of the student's attempts when the student* 
answers are typed. At the end the student's score is printed. The level of diffi- 
culty gradually increases and the student may quit at any time. 

Inverse Functions 

The student is introduced to the concept of an inverse fii^ction via the 
geometric notion of reflection in the line x = y. The paddles ar^ used to move 
points (x, y) to (y, x). 



(a) 


Effect 


of A 


(b) 


Effect 


of B 


fixed. 




(c) 


Effect 


of C 



(d) Experimeift with Choices of A, B, C The student sees in this lesson the 
Combined effect of all three coefficients. 



The ^Parabola Game 

The computer draws parabolas and the student is asked to supply the <5orrect 
" value5 ~Df A, B, and C. A record is kept of a student's attempts and a score is 
printed when the correct answers are typed in. Students may continue playing as 
long as they wish or quit at any time. 

The Exponentials Function (Part 1) ^ 

The graphs of y = a^ are examined for various values of a greater than 1. 
The student actively participates in plotting points and when enough points have 
been plotted they are connected by the computer to draw a smooth curve. 



Description of the Specifications 
for the Remaining Graphing Lessons 



The specifications for the following graphing lessons have been written, but at 
this time t^e coding is incomplete. ' ' 

8. The Exponential Function (Part 2) 

'/ '9. The, Logarithm Function 

10. The Sine Function 

11. The Cosine Function 

12. The Tangent Function 

13. The Cosecant Function 

14. The Secant Function 

15. The Cotangent Function 

' The specifications for Le'sson 8 call for examination of the graphs of y = a^ 
A;r values of a between 0 and 1. When completed, it should be very similar to 
Lesson 7. Lesson 9 specifications would produce- aJ.eisjQn :which would introduce 
the student first to the graph of y=log2X. This would be achieved by having the 
stud^t find y values for given x val^es^and then having the machine plot the points 

and draw the graph: Next, y = log x would be treated in a similar fashion, and - 

/ 

fiii ly the connection between the logarithm and exponential function, would-be 

exp'^^-r^'^d using the inverse function concepts alrea(|^ discussed in, LessoT> 4. 

TIio specifications for the six trigonometric functions are basically the same, 

so only those for tlie sine function will be described. The student is first given 

the equation y=sin(x) and a table of values for x. The x values given are x = 0, 

7r/2, 7T, 37T/2 and 27T. The student is asked to type in the correct values for y. 

It is then noted that additional points are needed for an accurate graph *so the 

• * 
jc values 7t/12, 7r/8, 7r/6, 7r/5j^7T/4, 7t/3 and asked to u6e a pocket calculator to find 

the y values. If the student does not have a pockcft calculator, he or ^he is 

instructed to press return and the y values will be displayed. A similar process 

Ms used for the intervals [^2, it], [tt, 37t/2] and [37r/2,* 27T] so a complete graph 

of one full sine wave is obtained. - 
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APPENDIX I 
SAMPLES OF INPUT AND OUTPUT 



The following pages represent a sample of 
the interactions between the student and the computer. 
The displays are taken from a sublesson, a quiz and a game. 
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To coTitinue^ press the KLIUkN keM= = =l .' 




Let/s see the effect of t^.^ - ^ ^ 

■Jo, do this, let 'ft = i, E C - C 



With .these „ choices of ri,= 'and L. 
th^ equation _ ^^^^ 



/ 



/ 



i 



I 



0 L=|hen ' uotj 3re^ rB^.dy .press KLiUKn.K^ry 



5 : ' 

= ERJC 



.10 



1 * 

t 



' YciU biill he o{v.jBT\ series of nuiYiber 
-?or H-Jhich you loill be expected to . 
ca Icuate .ariSL-jers using the equation 
•rf-iich apr==ear at the top ot the 

^ sc revfi = ' - \ 



The numbsirs {?ou id 1 1 be .^iuen 
are the' x-yalues of the equatioTi = 
.tou are to .calculate the y-ualues 



Prese: the REiUkN tcey to continue. = = 
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TABLE : 



0 



Ho 



-10 



- ; ; ; : : ; : : 



; : ; ■ ; ■ 



--lb 



• • 'I : ■ ' ■ -ij 
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First y9-*l 1 try k = . U ^ 

YOU calculate the-y-ua lue and Hype it in 
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1. - # *i 


i iw' i t i t r* 
i if-'.: 
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T . . * * • 






-= ' ' ' 

1 * • * > « ^ 


T - • ' ' 

s r ' ^ 
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i 




'i t 
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J * * ■''l.V " 


■ 

T 

A. 

I • " ♦ 

T ^ 
1 


5 *t • 


-A 

: 






t tti t 

'% 




1 • ! ^ Jl! -! 

f V T *; Tt'ii _ J 1 It n # t HI n 

' 6 * 


> 




• 






% '. 




■ ^ ' ■ *. ^ 


1 $ 




V 




• 


CaMMEWTARi': 


0 

i 

i 






The 4;turfc»ii hcu> ztvLeAed an ^%j^onAe.ct nmbeA. Tht AntAtj JU 'not Jizcondod i-n the. 
table,. The. Z>ii>tAaction6 above. oAe. given to cuid the iiadejit Ain the caZcMZaXAJon. 
Thz Studejtt is next a&ked to tAy again. 


ERIC . 




13 


* , 



•ii^QUft T I ON : u = x"^ -r 



TABLE ; 





y 


0 


0 


1 




-1. 


0 




6 


zzL 




w 





X 



T i t 



-10 



.0-0 • \" , . 



-10 



I-- 



neXl- pO 1 i ■ L- = = : 



• \ 



f 



Ke> tht cofULZCt nmbeM oaz znteAzd,- thz-conJitspomUng point U plotted. 
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EQUri i luN: y 
TABLE; 



*•••* 




0 


0' 


-i 


ill 


-1. 


0 ' 




6 








J- 


-0 





4- 



-10 



G - 



0 



: : : 



10 



—10 



Hoyr try to dray the graph 
of M = >::=^ ^ 2x 



l^ess? the RliUkN key to cont inue/r. = 



When ifte ^b^e. -i^ compt^t, thz 9>iaph lb dnoMn. 
ion a choice, oi S = 2 to give, y - x * 2x.' 

er|c is 



The student nzxX. repents the pfiocub- 



■MHiiilrilillHiMMIlHMIMaM^^ 



i T S - 



t *4 1 t t . I 



s t _ 
l.t . t r~ 



t sr^-jm xr t 



s t 
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commm-. 

'- Thz cwiva> above: oaz cUlptayzjd In the. ondeA In u)hXc.h thzy oaz tUtod In thz tzgznd. 
A deJUy oacau fae^o-^e thz pfiuztvtjaXJion nzxt cwivc, Thz 6tadznt Is Qivzn amplz 

turn to compose thz cua.vz& and ob&zAvz thz mizcX oiE. 



H&gaJxvz vaZ)xzJ> oi B oJiz JitadJCed -tn iiiz hztond hali oi ihz &ublii>6on. 
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j. I "-*; *.. ••-n -.-i Jit s'r: *— •—"•—•I *— *. it y 



•If— » 



• •It • 



f *t" .** 5**J ! 



V 



\ 



COmEhfTARV: 



A quiz on the. aUzcJ: oi the to(LiilcA.Q.nt B lb givzn to complUe. thz leMon. 
N l& pficdizd the. itudtivt U bismchoA -faacfe to thz bag^jinlnQ .oi the. 6ablz&&on. 
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nijr 



0 . 



: • : i ; j 



; ; . . . . .. ». 



kbellc-d Fi, B.. C, 
"to r j-; 0 fr^r- . uih; } r h. • i r: c orT-:^=c t -P or 



'[ 0 L out- inue = ' press the KL I UkN key = = 
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* J t t 



t 5 *x r * 



V 



comEiffAny: 

The. cqAuei aboue cVlz cLUplayzd hx ikt otudeA o£ tkz l^vu^ A, B, C, P. A cfe£a(/ 

an incofOizcX KOMpont^t jU glvan tht itudzivt aj> bnanchtd back to ihz 6abizi>6on. 
ErJc ^ (^oJULzU JkAponbz laiJU ami -the &ubleJ>6on. 
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^ APPLE 1 1 PLUS • 
. riPpi L rhiCriL -jers iori' i . i 
Creaxe^i Ju-s 2->. 1981 ^ ^ 
APPi imTinN OP CGHPUTER GKhr=HiL:S__iU 
QPAPHINu -IN PiLGEBPA FiND iR IGONQMl ! KV 

NSP-NIE Progr-E: Tit /tor' the IiiiprousTnent ot 
/ . ■ ' ' Mathemat ics iziducat i on _ 

Us 1 ~:9 I or-Tnat i or; ! ec o i ogy 
>■.•: SEDSe- 12447 

January 1/1981. June 38. 1982 

J, Richar:d_norris^ Jaines NoocL 
^ and iiit-euen beiiiid--! ■ 

Hatheiiiat ical Sciences Dep^j-tinFiit ; 
rg i ni a C oTiin on uea Ith " Un i y f r-s i L-u , ; 
Richnond= Virginia. :i:i:i£:i:54 " 

■ •( 1=184)' 257-13idl - " 

To contifiue, pre^s the £:PhCE EAR- 
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If Mou uould like to see instructioiis ; • 
^ u^s-cr ib irv^ houi to play this gaiue type an 
/ i - L-f you already^ kTioui hoy to play. 
r=:r-^5 the SPACE BhR = 
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• This exercise yiU ^ive you a chance to 
-study the affects the coef f ic ients ft/ B.. 

arid C of the equatioii ^^fvfm<^C' h3ue on 

T.hf=. oiraph of that equation = 

The c omputer is going to pick ft= B= and 
C and draid the graph of the e^quation. 
but h, B, andj: bill I not be repealed to 
MOUz ' Vou are to study the coinputer^s 
graph and dei^rirrine the ualMes of 
C it .picked.' 



Press the SPnCt n-m to continue_ 
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■ YOU will be 3.sked -for and C= Trie 
. coinputsr drsM the ciraph.ot '^o'Jf- 

equa-tior- so that mou .can coTnpare it i-jith 
tf-;e graphs of -the equation, the conjputer 
picked.. Vou ijiil be al 1 oued to alter 
your est! m^es of ft= B= and C if your 

■ graph doesnn inatch the coiuputer^s graph 

For fun ; th^ o oi^puter i^ill keep track of 
* the number ot atteiripts you^n^ake^ The 
bhiect* is to inatch the coiiiputer^s graph 
ir. t.he feiuest rlu^ier of atteinpte^ ; 

Press- the SPnCE BhR to continue 



r 
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\ Hhen you are asked to ty^^ ivi a nuinber".. 
: type the saiwe isyiiibols you noijld hirite on 
paper and then press the key marked 
RETURN = If you make a mistake you car? 
erase it by 'r^^essing the key uith the ' 
left-^poirit ing arroui on 'it^i / . - . 

"Ifie /coTiiputer bJi 11 accept numbers fpoTn 
--99=9 to 99 = 9 . = ' For e>:a."mple: 

, 7.6 ' 12 . . -9 = 3 -b are QK.. "but 
- 137=6* -938 * 8=3i7 are not. 

;j It you uould like to read the instruc- 
ti-=^s again, tyic^e an I . 'Otherwise, 
the SPnCE BhR to hegin = _ 



« « 
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^ . . ThS' coin^'Uter ' s ' 

fbs.r abo I a i s ^ 

Its equatiori has 

^ the tOr'TAI . . 
^ YOU aSSUlue ; 

-34p i e < 3 = 8 . 
. and -3.8 < B < 3.6 ^ 



-10 



10 X 



Enter your estiasates for asid Ur 

Press RETURN after each nui^jber you enter 
A 3 B = 3. * C = 54_ \ 



1 



25 



ERIC 



• 4 



y=54- 



T, 

to 



- -10 



:::::::::{::: : > 



10 K 



V 



The graph o-P your 
e-iuat-ior: is nff - 
-the screersr • Sorry = 
Try H^aking C.snialler; you could try s>^^ 
Press RETURN after each '-number you enter 

. ' ' ~ ' C = 5-4 
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' Old equation: 

•'•■M=54. 

lieu equation: 
y=5.4 

AtteiHptsi ± 

The graph of ypur 
equatior?^i5 a 
straight line • 
sinie n = ^ = 
Pick a value tor 



-10 



— ::::::::: I '-'y 



-10 



10 X 



-10 



other than zero= 



0 
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27. V- 



•■•r 



0 1 d equat i on i 

♦ 

Attempts: 2 



Change n B ^ 
(Type H . B . 



-10 



: r : : : : : : : \ - .-i 



10 K 



—10 



or .C ? Cor QuitV). 
C or Q ) ' 
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Uld equation? 

Mey equatior?! 
y=-x'-t5.4 



fitteiuptss '6 



Change 



:• 



-10 



• : 

. : 

: 

• : * 

. : 
: 
: 
: 



—10 



10 , K 



or 



<or Quit?) 
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• Did equatiorii 



Neisi equatiorii 



fltteiuptss 4 



:::::: M :::: ^ :: 



-10 



: z 

• .: 

: i 

• .: 



::::::::: w 



• : 



or 



i \ 

T 

JL 

i 



10 X 



C ? (or QuitV) 



B = 2. 
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*^ Vour tinal 

' y--.5>r-f2:x:-f5.4 

J* 

The exact sobjtior; 
i inal scare; 5 



-iO 



1 



r: 



V 



r 

I. 



: 

• 5 

. : 
: 

*: 



: ; : : : 



1 



• : 

. z 
•.• 

. .• 

: 



t 



-10 



To play a^gain press the SPACE BAR. 
If MGU are all done type sri. E =_ 



31 



APPENDIX II. 
ABSTRACTS OF PAPERS PRESENTED 



Scanning on the Fly: 
An Approach to the U^r Interface* 

' Steven R. Seidel 
Mathematical Sciences Department 
Virginia Commonwealth Bniversity 
Richmond, Virginia 23284 



ABSTRACT 

Educational software must provide a "friendly" user interface in 
order to prevent student frustration. A recurring source of such frus- 
tration is the task of responding to prompts issued by the computer. 
Scanning on the fly reduces the difficulty of this task. It prevents 
the possibility of errors of form in student responses by accepting only 
keystrokes that lead to correctly formatted responses. This approach 
has the advantage that all text displayed by the computer pertains to 
the content of the lesson and none to the technical use of the computer. 
Its implementation is based on the notion of a finite state automaton, 
yielding reliable and easily modifiable software. Scanning on the fly 
has been used in the development of microcomputer-based instructional 
software for college algebra and trigonometry. Applications to other 
CAI courseware are discussed, students' reactions are summarized, and 
a Pascal implementation is given. 



To appear in Computers and Education 

*This work 'partially supported by NSF-NIE Grant SED 80-12447, 
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Plotting Curves on Low Resolution Graphics Systems^ 

Steven R; Seidel 
Mathematical Sciences Department 
Virginia Commonwealth University 
t Richmond, Virginia 23284 



Abstract . 

Standard techniques for plotting a curve .on low resolution graphics 
systems represent the curve as a collection ot straight line segments or 
unevenly spaced dots. Neither of these representations is appealing from 
a pedagogical standpoint. Both make it difficult for^he student to relate 
his experience on the computer to the material presented in the classroom 
and in the textbook because neither tears much resemblance to the usudl 
types of drawings made by. the instructor and the illustrator. A technique 
for plotting low resolution curves is presented that overcomes this diffi- 
culty by taking advantage of the mind's propensity for fil.ling in missing 
visual information. Curyes are plotted as collections of evenly spaced 
points or short line segmeafs. The spacing between successive points .on 
each curve is kept constant, to within one pixel, even as the slope of the 
curve changes. By choosing a spacing between the points of as little as 
- four or five pixels a »»natui^al looking" curve results; the eye is'encour- 
t aged to fill in the missing information and the underlying limitations of 
■ sc en resolution are successfully hidden. This plotting technique has 
hA,n used in the development of microcomputer-based instructional software ' 
fn. . ollege algebra and trigonometry, /^plications to CAI courseware are 
discussed, students' reactions are Summarized, and a Pascal implementation 
is given. 



\ ,, 

Proceedings of the 21st Southeast Region ACM Conference, April 1983 , 
♦This work partially .supported by NSF-NIE Grant SED 80-12447. 
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